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1. Introduction

Figure 1. Rail gun and
coordinate system.

In recent years significant advances have been made in the development of
electromagnetic launchers (EMLs). These devices can impart
hypervelocities to macroscopic size objects (e.g., greater than several
grams). Possibilities even exist for launching aerospace platforms using
this technology. A rail gun is a type of EML that shows promise of being
implemented into operating systems in the near future. Figure 1 shows a
generic model of a rail gun that is similar to the one used in our
experiments.

A robust pulse power source (see sect. 2) provides a burst of energy lasting
several milliseconds that drives the projectile between the rails; the projec-
tile eventually leaves the system with a velocity in the kilometers per sec-
ond range. The currents may exceed 10° A, and can generate very strong
magnetic fields (H > 10* A/m) close to the rails, which drop off with dis-
tance from the rails. The dominant portion of the electromagnetic signa-
tures contains frequencies from dc to tens of kilohertz. Depending on the
physical contact between the projectile and rails, there may also be inter-
mittent arcing at the contact surface. In addition, the emergence of the pro-
jectile from the rails is accompanied by arcing, which is alleviated by plac-
ing a resistive load across the muzzle.

As rail guns emerge from laboratory models toward implementation into
systems, one must consider the electromagnetic compatibility (EMC) is-
sues due to the electromagnetic fields generated by these devices from the
enormous currents produced on the rails. The first step in assessing EMC
problems is the characterization of these fields as a function of time and
distance from the rails. This report describes the present status of our theo-
retical model used to predict these fields, as well as including a limited
comparison with experimental data. Recent papers by Coburn et al [1,2]
address the observations and experimental configuration in detail.

< ¢l l\

Rails Armature Projectile

Power
supply




The incorporation of a rail gun into a weapon system requires a quantifica-
tion of the relationship between the power source, rail gun dynamics, and
electromagnetic fields generated by the rail and armature currents. In or-
der to ensure EMC with other equipment it is necessary to characterize not
only the dominant low-frequency (dc to tens of kilohertz) fields generated
by the moving armature, but also the higher frequency emissions gener-
ated by continuum arcing along the rails, and the larger arc produced at
the muzzle. For predicting the low-frequency magnetic fields, the circuit
approximation to the rails, which has traditionally been used to study ar-
mature acceleration, appears to be adequate. On the other hand, a modal
analysis of the rail system model viewed as a transmission line is required
at the higher frequencies in order to model arcing contributions. In addi-
tion, it may be necessary to incorporate the effects of electromagnetic
shielding in the evaluation of EMC for an actual system.

This report is the first in a series of reports that eventually will provide the
ability to quantify EMC considerations for all frequencies of interest. We
concentrate at present only on the low-frequency magnetic field generated
by the rail current in a solid armature, for which there is negligible arcing.
It includes a discussion of the pulsed power source, theoretical consider-
ations for predicting the fields, and a comparison between theory and
experiment.




2. Electromagnetic Model for Rail Gun

Switch

Figure 2 shows a circuit model for the rail gun that includes a circuit dia-
gram for the pulsed power system. The rails are connected to four capaci-
tor banks, each composed of a 2000-pF capacitor and a 12-pH inductor. Di-
odes are placed across the capacitor bank to prevent reverse current. The
charging voltage is typically 4 kV. The circuit includes the ohmic resistance
and inductance of the source and the connection to the rails. The 100-Q
load resistor serves as a means to measure the muzzle voltage.

The time behavior of the current is determined by combining the circuit
model of figure 2 with the equations for the motion of the armature. It can
be shown that to a good approximation the rail system can be modelled as
a lossless transmission line with inductance and capacitance per unit
length defined as L and Cg, respectively. Cg is related to L by the
equation

Cr = (eolo)/Lg »

and for our application is shown to be negligible. Thus, capacitive effects
are not important.

The power supplied to the rails, Vyly, is given by
=1d .2
Volo= m[ZALRIO} Vil / @

where the first term on the right-hand side is the magnetic energy increase
per unit time, and the second term, VI, is the power supplied to the ar-
mature. Closure for the system of equations is completed by relating the
armature position Z 4, and the power supplied to it, to the current. The ca-
nonical equation for the armature acceleration is

A=F=2L], €)

where m is the mass of the projectile plus armature, and L, is an effective
inductance per unit length. The selection of the appropriate value of L,
has been of longstanding interest in rail gun theory. A commonly used

Resistance and inductance of source

Lg L

aom

V=4kV

F"\-‘\
n=1234 R L Rails
— _ to measure
— L,=12pH Output R
terminal 3 muzzle voltage "L
L (Diodes are placed  of power 3 Muzzle
3 L4 across capacitor supply Moving
banks to prevent (breech) k< armature
reverse current)
0

Figure 2. Rail gun electrical model.
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Table 1. EM model as
function of Dy

value was L'y ; this, however, frequently led to results that were at vari-
ance with experiment. In this report we show that L/, can be written as

L, =E)LR , @

where Ey is an electromagnetic efficiency factor that is always less than

unity.

When the correct value of L), is used, the velocity, Z 418

t

ZAZ(%M L) dr . ®)

0

Since the electrical power supplied to the mass, VI, must equal its rate of
increase in kinetic energy, we have

V,I,=FZ, . ©6)

Equations (2) to (6), when combined with the circuit model for the power
source, determine the current, voltage, and armature position.

As we show in section 4, L', is determined from a two-step process. The
first part is the evaluation of the inductance per unit length, L, for the rails
viewed as a parallel plate transmission line. The second part deals with the
realization that only a fraction of Ly, which we call the efficiency factor, E,
is actually involved in the armature acceleration process. This leads to the

derivation of equation (4). '

The electromagnetic theory [3-7] that leads to the derivation of Ly and Ep
also uniquely determines the electric and magnetic fields, and rail surface
currents in the x-y plane (sect. 4.2). Strictly speaking, the surface currents
are never uniformly distributed along the rail surfaces, although a uniform
surface current assumption may be acceptable when the ratio of rail

height-to-separation, a/b, is large (see fig. 6, p 11).

For characteristic distances from the rail center, Dy, that are much greater
than both a or b, the detailed distribution of surface currents along the rails
is immaterial to the value of the magnetic field. In this case the approxima-
tion of the rails as current filaments is entirely adequate; the filament ap-
proximation then also applies to the armature. Table 1 summarizes the
choice of electromagnetic field model as a function of Dy compared with 4
and b. For the uniform sheet and filament models, the magnetic fields are
determined by a straightfoward application of the Biot-Savart law. Since
experimental observation has been made only in the regions where Dy >
a, b, we discuss the analytical results for these models in section 6.

Dy EM model
Dy ~b,a Conformal mapping
Dy>b,a, Uniform sheet (when a > b)
Dy >>b,a Filament




3. Inductance and Shielding Considerations

This section addresses certain EMC issues that are important in the inte-
gration of rail guns into larger systems. Two basic requirements are in-
volved here: (1) that the introduction of the rail gun does not adversely af-
fect the performance of other systems and (2) that the rail gun power
efficiency be acceptable. This latter requirement means that for a given
power source, a significant fraction of the pulse energy be transferred to
the projectile as compared with increasing the magnetic field energy
around the rails.

Figure 3 shows a model of the rail gun in the support structure used in our
experiments. No special attempt was made to shield the magnetic fields. If,
however, a structure of this type were to be used to shield nearby elec-
tronic equipment, the external frame would have a relative permeability,
Uy, greater than unity. In this case, not only would the rail inductance gra-
dient be changed from Ly to a new value, but also the electromagnetic ef-
ficiency would be changed. Theoretical predictions for this case have not
yet been made. The essential challenge for EMC is to achieve the desired
balance between rail gun energy efficiency and shielding.

On the other hand, it is possible to estimate the amount of shielding re-
quired by approximating the rails as current filaments encased in a cylin-
drical shell of thickness A = r, — r1, as shown in figure 4. The solution for
the fields has been worked out by Smythe [8]. The magnetic vector poten-
tial has only one component, A,(z,) that is given by

-1
_4d § 2 A\ 1 wyen
Ar=—g— (1) = (1, - 1) (r_z) 2n+1 Z’_) cos2n+1)8 , @)

where (1, is the relative permeability, and the current, I, is a function of
time determined from the solution of the equations in section 2. The mag-
netic field components in cylindrical coordinates are given by

a1,
08 ’

_.aAZ
07 9Jr

B 8)

1
Br"'f




Figure 3. Rail gun in
support structure.

Figure 4. Model for
estimating magnetic
shielding.
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4. Physical Models

4.1

Force on Armature and Equations of Motions

Figure 5 shows the top view of the rail gun, while figure 6 shows a blow-
up of the armature relevant to the calculation of the accelerating force in
the z-direction. As indicated, figure 6 is rotated 90° counterclockwise from
figure 5 to make the coordinate system compatible with the conformal
mapping discussion of section 4.2. We have also indicated the existence of
surface currents in figure 5 that are assumed to penetrate into the conduct-
ing surfaces. They do not, however, affect the derivation of the armature

force, F,.
Figure 5. Top view of o ]
rail gun. —
i rmature
b Surface current on rail /
Denotes magnetic
field into paper Direction b Z.ea
e + +a +4 2p
®® ® Surface current of motion F =j f J AT B dxdydz
on armature -b J-a JZ,
. -7
I
9. Surface current on rail
Rail |
|< Z, -l A
Figure 6.
Computation of force
on armature.
2a
V4
Rail g / — — S—
- 1 -3
Direction of —#> A |
current g Y,
i
o |
4 2b
' X
Arrﬁature I 7
Hx IO
(Dominant
contribution) | __]F
/ Jy /7
(Dominant /
L B o icontribution)
Direction of
current / x
B
7/
p— A
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F, is determined by initially formulating the force per unit volume in the
armature f, and then integrating over the armature volume. The volu-
metric force is given by

7 [ :f X E. ’ (9)
where 7 is the current density and B =pgH is the magnetic flux density.
From Maxwell’s equations we have the relationship

j=VxH . (10)

Using equation (10) in equation (9) then gives the total force,
. +h e (24 +A o
F=uOJ f J (VxH)xH dxdydz . (11)
b J JZ,

Application of the vector identity

#-v)H= %:V(HZ) —Hx(VxH) (12)

converts the volume integral into a surface integral. The z-component of F
is the acceleration force, F, = F;, and is given by

+b+a
Fz=u0JHZH.d§+%f f [HXz=2)-HYz=2Z,+)|dxdy .  (13)
5 _ ~p=a
The first term in equation (13) is a surface integral over all the six surfaces
of the armature shown in figure 6. For a good conductor, the components
of H normal to the armature surfaces will be very small, and the first term
in equation (13) will then be negligible compared to the second.

If we assume that H2(z = Z4 + A) << H2 (z = Z4), which is consistent with
the generally assumed notion that there is only a minimal magnetic field in
front of the armature, the accelerating force becomes

+h+g
5=%ff Hz(z=ZA) dxdy . (14)
pa

In the next section we show that
7 2
E=LEgLRl*, (15)
where Ejis the previously defined efficiency factor. The armature accelera-

tion is then determined from the equation

iz
m ——4=1E01,’ 2 , (16)
A2 T270R

and the power supplied to the armature is F,(dZ /dt).



4.2

Figure 7.
Transmission line
model for rail gun.

Rail Gun Viewed as Transmission Line: Driving
Inductance Per Unit Length

The purpose of this section is to derive equation (15) using the techniques
of conformal mapping. Accurate evaluation of Ly is available from C. E.
Baum et al [6]. Although a rigorous determination of Ej is still in progress
(see app A), we present an estimate of this parameter based on an early in-
vestigation presented by Assadourian and Rimai [3].

Figure 7 shows the rail gun viewed as a transmission line. The inductance
per unit length, L’s, and the rail capacitance per unit length, Cg, are de-
termined from the solution of Maxwell’s equations for the transverse elec-
tromagnetic (TEM) mode. It is this mode that applies when transmission
line theory is used. The circuit model for the rail gun is itself the limiting
form of the transmission line version of the rail gun system applied at zero
frequency.

The TEM mode may alternatively be viewed as a quasi-static solution
to the class of field problems solved by Laplace’s equation in two
dimensions:

2 2
Q_K+§_K=0, (17)

x> dy?

where V is the voltage. The capacitance per unit length for the rail gun sys-
tem of figure 7 is found by first solving equation (17) for the boundary con-
dition where the top conductor is at potential Vpand the bottom conductor
at potential V). Surface charge density at each conductor, os(x, y), is deter-
mined from the equation

o(x,y)=¢g,E, =-€,VV) , (18)

where E, is the normal component of the electric field on the conducting
surface, and the total charge per unit length, Q, on the top conductor is
found by integrating equation (18) over the surface. A charge per unit
length of —Q resides on the bottom conductor in order to close the electric
flux lines.

Surface charge

o d c
A 1 ;\'V=+V0

h / Plane of symmetry
‘)’
2b AR @ C— ) S— gy — 0 x — G CE— ) e— Se————
V=-V,
e —
[ 1"‘/

__.{

l4_
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It is important to note that surface charge will not only accrue on the inner
surfaces facing one another, but also on the edges and on the top surface.
In any event, the capacitance per unit length is then found from the
formula

o2

By expressing Cy in the form [6]

Cr=¢20/f; (20)
where f; is a geometric factor that depends only on the ratio, b/, and then
using the velocity of light, v,

=21 -1 21)
vl N E 4
VLxCp Voo

gives
L= fH - 2)

Table 2 provides values of f; as a function of (b/a) for a width-to-height ra-
tio that may be of interest in rail guns. For the ARL rail gun, (b/a) = 0.8,
which then gives L} = (0.415)(4  x 1077) = 0.52 pH/m. The method by
which equation (17) is solved is that of conformal mapping [3-7], which
has formed the basis for analytical solution of Laplace’s equation in com-
plex geometries such as the rail gun. Although the field problem is formu-
lated as an electrostatic problem, from which the surface charge density,
os(x, y), and the electrostatic field, E (x, y), in all x-y space is determined,
the properties of the magnetic field and surface current distribution are
also readily available. It is well known from TEM mode theory that if a to-
tal current I is flowing on a conductor, the spatial distribution of current
density, js(x, y), is

i y)= (GS( 5’ / ))1 , (23)

where os(x,y) and Q are computed for the corresponding electrostatic

problem. As shown in appendix B, H (x, y) is given by

H= ésoﬁz xE, (24)

where k . is the unit vector in the z-direction.

The ratio, o5(x, ¥)/Q, is the normalized distribution of charge per unit
length that satisfies the path integration, and

é&‘; oyids=1, 25)

is a function only of b/a, and has dimensions of (length)~1. Since the elec-
tric field, E, will also be proportional to the potential difference, 2V, the
ratio of E/Q will depend only on the geometry.




Table 2. fg as function p/, fg b/a

of b/a (selected
results).

0.5 0.306| 0.9 0444
0.6 0.346| 1.0 0472
0.7 0.382( 1.2 0.522
0.8 0415] 14 0.566

(Table source: Ref 6.)

In summary, the conformal mapping solution to Laplace’s equation ap-
plied to the parallel plate rail gun uniquely determines the inductance per
unit length, ng, the distribution of current on the rail surfaces, and the spa-
tial distribution of the magnetic field. Figure 8 shows a sample of magnetic
field lines in one quadrant of the geometry.

Ly is defined by the standard equation
1, ,2_Ho 2

where H lies in the x-y plane. The integration of equation (26) is carried
out over the entire x-y plane, not just the surface of the armature. By com-
bining equations (14) and (26) we derive the result

_rly 2
E-EdLil’, @)

where the efficiency factor, Ey, is given by

+a r+b 2
f f H" dxdy
—a J-b

E,=
1 [+b r
J J szxdy+fjH2dxdy
- J-b

and [ [ signifies the x-y integration external to the area of the armature; this
is the leakage contribution.

(28)

It is possible to render an estimate of Eg using an approximation devel-
oped by Assadourian and Rimai [3]. Their results, as expressed in our ter-
minology, are rendered in figure 9. For the Army Research Laboratory
(ARL) rail gun, (22/b) = 2.5, which then gives an efficiency factor of about
75 percent. The appropriate inductance per unit length to use for accelera-
tion is then L', = EgLg = (0.75) (0.52) = 0.39 pH/m. It will be shown in sec-
tion 6 that the value of L', provides good agreement with experimental
data.

15




Figure 8. Magnetic
field lines in upper

right-hand quadrant.

Figure 9. Inductance

efficiency as a
function of 2a/b.
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5. Computation of Magnetic Fields

This section addresses the computation of the magnetic fields for the ex-
perimental configuration used in this study. In this case there is essentially
no shielding introduced by the support structure for the rail gun system,
and contributions to the electromagnetic fields arise from the currents
flowing on the rails and armature. For each current source the Biot-Savart
law can be used to compute the magnetic field, H, since the wavelengths
associated with the frequencies of interest are much larger than the charac-
teristic dimensions of interest.

Figures 10 and 11 show the geometry for computing the contributions to
the magnetic field intensity A from the armature and rails, respectively. If
we assume in the general case that the current is distributed vertically, so
that J(y) dy is the differential current between y and y + dy, we have

| 3

dﬁ:ld_yjd—sxf , 9)

where ds is a differential vector pointing in the direction of the current, 7
is the distance from ds to the observation point whose coordinates are x, y,
z, and 7 is the magnitude of 7. For the armature ds =dx i, where 7 isa
unit vector in the x-direction, and for the rails ds = +dz k, where k isa
unit vector in the z-direction. The “+” sign is used for the rail whose
current is coming out of the paper, and the “~” sign for inward-directed
current.

If D = (X? + Y?)1/2is the transverse radial dimension of the field point, and
Dy is the maximum of either & or w, there arise two cases of practical inter-
est. These are the situations where: (1) D is slightly greater than Dy, or
(2) D >> Dy. In the former case the detailed structure of J(yy) may be impor-
tant, while for case (2) the detailed structure of J(y) is not important, and
current filament approximations to the armature and rail currents may be
used.

The distribution of surface current for the rails is determined from the con-
formal mapping solution for the inductance per unit length discussed in
section 4, although for the dimensions of our system, a uniform distribu-
tion might be appropriate. It is, however, not of critical importance in this
report because the observation points for which the fields are computed
are located in the range D >> Dy, where the filament approximation can be
used.

A rigorous prediction of the surface current distribution on the armature is
not easy to obtain. To a first approximation one might assume that its ver-
tical distribution is the same as that of the rails. Here again, if D >> Dy, the
current filament approximation for the armature can also be used. For fu-
ture EMC studies, where the determination of close-in magnetic fields may
be important for implementing shielding, it is desirable to have available
an analytical expression for the fields due to uniform sheet models. In this
way one can obtain a first-order approximation of the importance of verti-
cally distributed current sheets.
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Figure 10. Geometry
for computation of
magnetic field
contribution from
armature.

Figure 11. Geometry
for computation of
magnetic field
contribution from
rails.
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The z-component of H due to the armature is denoted as Hy., and the y-
component as Hay. These contributions are obtained by integrating equa-
tion (30) over the armature surface. Equivalent expression for the rails can
be obtained with appropriate change of coordinates, but for brevity these
results are not presented. For the sheet of uniform current density, J, we
have

H,, = ﬁ[eﬁ Goh - o~ G (30a)
H, =2 Zlo* N(@h) - o N , (30b)



where

at=x+w/2, (30c)
o =x-w/2, (30d)
_ 1 M;
G(a)—-——z \/?P.n % (30e)
R—Jo?
M =2ZV® 30
R o .
R—yo?
M=R=-ve 30
2 i /od (308)
R =V o2+ 2%+ (Y+h/2)? , (30h)
R =y o2+ Z% (Y-h/2)?, (30i)
-1 [gt_g" i
N((X)——[?—é—z—ls '_B ] ’ (30])

2
B'=arctan (\ / % Y ;?/2) P (30k)
3
B = arctan(\ / %5 Y'I—J.l/ 2) (301)

Z2=2-2, . (30m)

When X or Y are much greater than w and h, the foregoing results reduce
to the current filament approximation, with the total current given by Jh.
We then have

Hy,= f,; Ik, (31a)
H, ==Z g (31b)
Ay~ 4m T
where
ol w2 (X-w/2) , (310)

al(x+w/2P+ad) (X -w/2P+a)

2 2
=7 +Y" . (31d)
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The magnetic fields due to the rails are Hry and Hpy, and are given by

Hm=%(KR‘K19 , (32a)
Hy, ==X -w/2) Ky~ (X +w/D) Ky, (32b)
where

K=l 2 ___ _Z , (32¢)
b =(X-w/2*+Y*, (32d)

> _ 1 Z Z
Ko =5 - , (328)

R™ 52 (ZZ+ _1_72)1/2 (_2 _2)1/2]

B =(X+w/2 +Y?. (321)




6. Comparison Between Theory and Experiment

The primary emphasis of our study to date has been on the validation of
the electromagnetic efficiency factor and the magnetic fields generated by
the rail gun systems. The acceleration of the armature is given by equation
(3). Using a measured current that has the waveform

Ip=190x 10% (exp(-500 £) - exp(-1.3x 10*8)}  (4) , (33)

we can immediately integrate equation (3) to obtain the velocity and posi-
tion of the armature as a function of time. Figure 12 shows a representative
comparison between the theoretical and experimental behavior of Z4(%)
using equation (33) with an 11-g mass, and a theoretically predicted value
of L7, =0.39 pH/m. As observed, the agreement is good. The correspond-
ing curve for velocity, Z (1), is also in good agreement with experimental

results, yielding only a 7-percent uncertainty at the muzzle.

Figure 13 shows a comparison between the experimental and theoretical
behavior of the vertical component of the magnetic field in the plane of
symmetry at 2 in. above the rails and 28 in. from the breech. The theoretical
result was obtained using equations (31), (32), and (33) and the time behav-
ior of Z(t) determined from the solution of equation (3). Although the
comparison is good, we are still exploring the possible sources of error.

It is also interesting to observe the space-time variability of the magnetic
field as a function of position. A sample result is shown in figure 14, for
which all field components are indicated at the point z =28 in., y = 4 in.,
and x = 0, 12, and 24 in., respectively. The observations are in general
agreement with these results, although it is found that as we move away
from the rails the experimental values begin to exceed the theoretical pre-
dictions by more than a factor of 2. We are exploring this matter further.

When the value L’ = E, L; = 0.39 pH/m is used, the position of the arma-
ture, as determined by the peaking characteristic of the magnetic field re-
ported in the forward (z-direction), is also consistent with experimental
observations [1, 2]. This is shown in figure 15, where theoretical predic-
tions of Hy, Hy, and H; using a filament model for the rails and armature
are rendered for z = 32 in., x =0, and y = 12 in. The predicted time-to-peak
of t, = 2.4 ms for H, lies within experimental uncertainty.

The experimental plot of H, for the aforementioned case [1] has the same
waveshape as that shown in figure 15 but is a factor of 2.5 higher. On the
other hand, for observation points that are close to the rail there is very
good agreement between the predicted and observed waveshapes and
peak fields for all magnetic field components, with uncertainties ap-
proaching only 30 percent.

Appendix C provides a more comprehensive evaluation of calculated
magnetic fields.
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Figure 12. Armature
position as a func-
tion of time. (Experi-
ment results ob-
tained from W.O.
Coburn, ARL.)

Figure 13. Comparison
between experimental
and theoretical
behavior of vertical
component of
magnetic field in
plane of symmetry at
2 in. above rails and
28 in. from breech.
(Experimental results
obtained from W. O.
Coburn, ARL.)
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Figure 14. Magnetic
field behavior at z =
28in., y=4in. and
@x=0,(b)x=12,
and (c) x =24 in.
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Figure 15. Armature
and rail contributions
to magnetic field
intensity, H(A/m), z =
30 in. from breech, at
height y = 12 in. above
rails, and in plane of
symmetry (x = 0).
(Experimental results
obtained from W. O.
Coburn, ARL).
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7. Conclusion

Predictions for projectile acceleration are in good agreement with experi-
mental observations for rail gun inductance and efficiency factor. Muzzle
exit velocity is found to be within 5 to 7 percent of experimental data. A
comparison between calculated and measured magnetic fields shows good
agreement close to the rails, with uncertainties exceeding a factor of two at
large distances. These sources of error are being examined.

The large magnetic fields produced by these devices will require shielding
in order to ensure compatability with other electronic equipment. Shield-
ing considerations must be considered as an integral part of the rail gun
design because it has a direct effect on the effective inductance for accelera-
tion. This in turn influences size of the system and terminal projectile
velocity.

Acknowledgement
The author wishes to thank William O. Coburn of the Army Research

Laboratory for many helpful technical discussions and Paul Elliot for com-
puter programming the time behavior of the magnetic fields.

25




References

26

10.

11.

W. O. Coburn, C. Le, D. DeTroye, G. Blair, and W. Williams, “Electromag-
netic Field Measurements Near a Rail Gun,” IEEE Trans. Magn. 30, No. 1,
January 1995.

W. O. Coburn and W. Williams, “Static and Quasi-static Models for the
Electromagnetic Environment of a Rail Gun,” IEEE Trans. Magn. 30, No. 1,
January 1995.

F. Assadourian and F. Rimai, “Simplified Theory of Microstrip Transmis-
sion Systems,” Proc. IRE, 40: 1651, 1952.

C. E. Baum, “Impedances and Field Distributions for Parallel Plate Trans-
mission Line Simulators,” Sensor and Simulation Note 21, June 1966.

T. L. Brown and K. D. Granzow, “A Parameter Study of Two Parallel Plate
Transmission Line Simulators of EMP,” Sensor and Simulation Note 52,
April 1968.

C. E. Baum, D. V. Giri, and R. D. Gonzalez, “Electromagnetic Field Distri-
bution of the TEM Mode in a Symmetrical Two-Parallel-Plate Transmis-
sion Line,” Sensor and Simulation Note 219, April 1976.

Moon and Spencer, Field Theory Handbook, Springer, 1961.

W. R. Smythe, Static and Dynamic Electrzczty, McGraw-Hill Book Company,
New York, 1939.

A. Nussbaum, Electromagnetic Theory for Engineers and Scientists, Prentice-
Hall, Inc., Englewood Cliffs, New Jersey, 1965.

G. F. Carrier, M. Krook, and C. E. Pearson, Functions of a Complex Variable,
McGraw-Hill Book Company, New York, 1966.

R. E. Collin, Foundations for Microwave Engineering, McGraw-Hill Book
Company, New York, 1992.




Appendix A.—Application of Transmission Line Theory
to Rail Gun

This appendix discusses the importance of using a rigorous transmission
line theory to provide an accurate representation of the electromagnetic
fields in the spatial region around the rails. There are two reasons for ex-
ecuting this calculation. It will provide an improved evaluation of the elec-

tromagnetic efficiency
@ b
2
f f H%dxdy
- Jb ( A_‘l)

0~ ’
b o
f J— szxdy+fjH2dxdy
- Jb

and may also provide insight into the coupling problems involving close-
in shielding.

E

As we can see from equation (A-1) the determination of Ep involves inte-
gration over the leakage volume ['['. The question is how far from the rail
bore center do significant contributions from [ | H2 dx dy exist? An esti-
mate of this is available from the early work of Assadourian and Rimai [3},
which is shown in figure A-1. This figure shows that virtually 100 percent
of the power is contained over spatial dimensions that are of the order of
the rail height. Although the calculations were performed using a value of
(b/a) = 0.86 (which differs from the ARL value of (b/a) = 0.80), the results
are not very different, as shown in figure 8.

Another important physical attribute of the rail gun system is the rela-
tively large physical thickness of the rails as compared to the separation
between them. Assadourian and Rimai [3] also provided an estimate of
this effect which did not, however, appear to introduce important modifi-
cations to our conclusions. In a more refined calculation this aspect of the
problem should be more critically addressed. Figure A-2 shows a com-
parison in the field lines between a thin and thick strip above a perfectly
conducting plane.

In addition to references 3-7 (in the main body of text), the author has re-
viewed other conformal mapping approaches to the parallel plate trans-
mission line system [9-11]. The important issue is to select the appropriate
transformations in the complex to simplify the computation of Eg. Al-
though some work has already been started in this arena, the results are
too premature to present in this report.

In summary, a rigorous calculation (e.g., conformal mapping theory) is re-
quired to predict the fields in the close-in region surrounding the rails, and
to determine the electromagnetic efficiency, Eg. The detailed structure of
the currents on the rails would appear to be an important consideration in
the fields for distances on the order of several rail heights. At larger dis-
tances from the bore center the filament approximation should suffice.
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Appendix A

Figure A-1. Distri-
bution of power flow
for a wide strip of zero
thickness above an
infinite ground plane.
(Figure source: ref. 3.)

Figure A-2, Compari-
son of field lines for
thin and thick strips.
(Figure source: ref. 3.)
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Appendix B.—Equivalence Between Electric and
Magnetic Fields in Two Dimensions

The theory of conformal mapping plays an important role in determining
the spatial behavior of electric and magnetic fields in two dimensions. Tra-
ditionally, theoretical models are set up as electrostatic problems in which
expressions for the electric fields follow directly. This appendix shows
how the electrostatic results can be easily used to compute the spatial dis-
tribution of the magnetic fields when waves are propagated in the trans-
mission line mode.

The existence of the aforementioned relationship has been pointed out to
this author by Dr. Kelvin Lee,* although the derivation of the result was
not available. Presumably, this result appears in the open literature.
The equivalence formula between H and E presented here is indepen-
dently derived, although the result is not new.

Consider the cross section for an arbitrarily shaped conducting surface
shown in figure B-1. Current and charge are assumed to flow in the z-
direction, which in this diagram is coming out of the paper. Let gs( £,2)be
the charge per unit area on the surface, and js( £, 2) be the z-directed cur-
rent per unit surface length. The differential charge located at position ;
on the surface is qs(£, z) d¢ dz and the differential current is js(£, z) d£,
where d/ is the magnitude of d ‘.

Now let P(x, y, z) be any point exterior to the conductor as shown, which
does not necessarily lie in the plane of the conducting surface element d£
dz. The electric and magnetic fields at P due to the surface charge and cur-
rent are respectively given by

7__1 A dz7 )
E—rn%f f a0, (-1
= WMol [kxPdldz .z

B=4—n”—;-3~—15“’12> : ®-2

where 7 is the position vector from the surface element to P,k is a unit
vector in the z-direction, and r is the magnitude of r.

In the realm where the concepts of capacitance and inductance apply,
which is the transmission line mode of propagation, the spatial distribu-

*Private Communication, K. S. H. Lee, Kaman Sciences, Corp., Dikewood Division, Santa Monica, CA (September
1993).
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Appendix B

Figure B-1. Charge
and current on

conducting surface.

30

Conducting surface

P (not necessarily
in x-y plane)

tions of surface charge and surface current are similar. We can therefore
write
4., 2=0Q(z2mZ,2) , (B-3)
i@ 2=1zmd,2) , (B-4)

where Q(z) is the charge per unit length at position z, I(z) is the current at z,
and n{l,z) is a normalized spatial distribution function that satisfies the
condition

f n@,zdl =1 . (B-5)

The integration of equation (B-5) is completely around the conducting sur-
face at fixed z.

When the conditions for conformal mapping apply, the spatial variations
with z are neglected. Thus, Q, I, and 17 are no longer functions of z. In this
domain we form the vector cross product, k x E,using equation (B-1).

The result is

kxE=g JJ“(P)‘IZ‘M X . (B-6)
&g
Using equation (B-4) in equation (B-2) we deduce
'B'J;i”—““”iz‘“’;zxf. B-7)
T r




Appendix B

By comparing equations (B-6) and (B-7) and using the formula B=pH,
we derive the desired result

ITI=é£0ExE . (B-8)

Equation (B-8) is used in conjunction with conformal mapping applied to
electrostatics in the following way. Suppose the electrostatic problem is set
in accordance with the discussion of section 4.2. The charge, Q, appearing
on either rail, as well as the electric field, E , are both proportional to the
initially assigned arbitrary voltage, Vo. The ratio, E/ Q, is an intrinsic
property of the system, that is, independent of V. By simply specifying a
total current, I, flowing on either rail, we can readily determine the mag-
netic intensity, H, from equation (B-8).
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Appendix C .—Time Behavior of Magnetic Field at
Selected Field Points

Figure C-1. Magnetic
field behavior at
x=0in.,, y=2in,,
and z=3in.

This appendix presents results for the magnetic field behavior at selected
points to show the variability with distance along the rails (fig. C-1 to C-6),
variability with height above the rails in the plane of symmetry (fig. C-7 to
C-11), and the variability with displacement off the plane of symmetry (fig.
C-8 and fig. C-12 to C-15). The legend in these figures is explained below.
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Appendix C

Figure C-2. Magnetic
field behavior atx =
0,y=2in.,and z=20
in,

Figure C-3. Magnetic
field behavior atx =
0,y=4in,and z=30
in.
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Figure C-4. Magnetic

field behavior atx =0,

y=4in,and z=32in.

Figure C-5. Magnetic
field behavior atx =
0,y=22in,,and z=
32in.
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Figure C-6.
Magnetic field
behavior atx =0,y
=2in., and z=37
in.,

Figure C-7.
Magnetic field
behavior atx=0,y
=2in., and z= 28 in,
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Figure C-8. Magnetic
field behavior atx =
0,y=4in,and z=28
in,

Figure C-9. Magnetic
field behavior atx =
0,y=8in,and z=28
in.
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Appendix C

Figure C-10.
Magnetic field
behavioratx =0,y =
12 in., and z = 28 in.

Figure C-11. Magnetic
field behavior atx =
0,y=24in,and z=
28 in.
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Figure C-12. Magnetic 8 e e
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Appendix C

Figure C-14.
Magnetic field
behavior atx =12
in,y=4in,and z=
28 in.

Figure C-15.
Magnetic field
behavior at x = 24 in,,
y=4in,and z=28
in.
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